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THE EXISTENCE OF T -NUMBERS IN POSITIVE CHARACTERISTIC
TOMOHIRO OOTO
Abstract. As an analogue of Mahler’s classification for real numbers, Bundschuh intro-
duced a classification for Laurent series over a finite field, divided into A,S, T, U -numbers.
It is known that each of A,S, U -numbers is nonempty. On the other hand, the existence
of T -numbers is open. In this paper, we give an affirmative answer to the problem.
1. Introduction
From the viewpoint of Diophantine approximation, Mahler [11] introduced a classifi-
cation for real numbers, divided into A, S, T , U -numbers. A real number is algebraic
over Q if and only if it is an A-number. Two algebraically dependent transcendental real
numbers are in the same class. Almost all real numbers are S-numbers in the sense of
Lebesgue measure. For example, e is S-number [19]. Liouville numbers are U -numbers,
for example, the real number
∑∞
n=1 1/2
n! is U -number. Therefore, e and
∑∞
n=1 1/2
n! are
algebraically independent. The existence of T -numbers had been open for thirty-six years.
Schmidt [22] proved that there exist uncountably many T -numbers. The proof of this re-
sult is based on a nested interval construction and a generalization of the Roth’s theorem
by Wirsing [26]. Since Wirsing’s theorem is of ineffective nature, we note that Schmidt’s
construction does not give explicit examples of T -numbers. After that, Schmidt [23] and
Baker [3] investigated T -numbers in more detail. We refer the reader to [4] for Mahler’s
classification.
Let p be a prime. Mahler [12] also introduced an analogue of Mahler’s classification
for p-adic numbers. Schlickewei [21] proved the existence of p-adic T -numbers by using a
p-adic analogue of Schmidt’s method [22]. Pejkovic´ [18] investigated p-adic T -numbers in
more detail.
Let q be a power of p. We denote by Fq the finite field of q elements, Fq[T ] the ring of
all polynomials over Fq, Fq(T ) the field of all rational functions over Fq, and Fq((T
−1))
the field of all Laurent series over Fq. We call an element of Fq((T
−1)) an algebraic (resp.
a transcendental) Laurent series if the element is algebraic (resp. transcendental) over
Fq(T ). Analogues to Z,Q, and R are Fq[T ],Fq(T ), and Fq((T
−1)), respectively. Bundschuh
[6] introduced an analogue of Mahler’s classification in Fq((T
−1)). As in the real case, he
divided Laurent series into A, S, T , U -numbers (see Section 2 for the precise definition).
A fundamental question for this classification is whether or not each of the classes is
nonempty. A Laurent series is algebraic over Fq(T ) if and only if it is an A-number (see
Proposition A.3). Two algebraically dependent transcendental Laurent series are in the
same class (see Proposition A.4). Sprindz˘uk [24] proved that almost all Laurent series
are S-numbers in the sense of Haar measure. It is easily seen that there exist U -numbers,
for example, the Laurent series
∑∞
n=1 T
−n! is U -number. Therefore, each of the classes
except for T -numbers is known to be nonempty. However, the existence of T -numbers in
Fq((T
−1)) is open (see [7, 25]).
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In this paper, we solve this open problem.
Theorem 1.1. There exist uncountably many T -numbers in Fq((T
−1)).
We emphasize that our method allows us to construct explicit examples of T -numbers
in Fq((T
−1)). For example, we define a sequence (an)n≥0 over F2 by
an =
{
1 if n = 24
kℓ for some integer k ≥ 0 and odd integer ℓ ≥ 1,
0 otherwise.
Then the Laurent series
∑∞
n=0 anT
−n ∈ F2((T
−1)) is T -number.
In the field of Laurent series over a finite field, Mahler [14] proved that an analogue
of Roth’s theorem does not hold and constructed a family of explicit counterexamples.
Therefore, we prove Theorem 1.1 in a different way to Schmidt’s proof. Our strategy for
proving Theorem 1.1 is that we construct a Laurent series with Mahler’s counterexamples
and show that the Laurent series is T -number by using a Liouville inequality.
This paper is organized as follows. In Section 2, we recall the precise definition of
Mahler’s classification in Fq((T
−1)) and another classification which is called Koksma’s
classification. We also state the main results in this paper. In Section 3, we prepare some
lemmas for the proof of the main result. In Section 4, we prove the main results and
Theorem 1.1. In Appendix A, we prove basic properties of Mahler’s classification stated
in Section 1 and 2.
2. Notation and Main result
For a Laurent series ξ ∈ Fq((T
−1)) \ {0}, we can write ξ =
∑∞
n=N anT
−n, where N ∈ Z,
an ∈ Fq for all integers n ≥ N , and aN 6= 0. We define an absolute value on Fq((T
−1))
by |0| := 0 and |ξ| := q−N . The absolute value can be uniquely extended on the algebraic
closure of Fq((T
−1)). We continue to write | · | for the extended absolute value. We denote
by (Fq[T ])[X ] the set of all polynomials in X over Fq[T ]. The height of a polynomial
P (X) ∈ (Fq[T ])[X ], denoted by H(P ), is defined to be the maximum of the absolute
values of the coefficients of P (X). We denote by (Fq[T ])[X ]min the set of all non-constant,
irreducible, and primitive polynomials in (Fq[T ])[X ] whose leading coefficients are monic
polynomials in T . For an algebraic number α ∈ Fq(T ), there exists a unique polynomial
P (X) ∈ (Fq[T ])[X ]min such that P (α) = 0. We call the polynomial P (X) the minimal
polynomial of α. The height (resp. the degree) of α, denoted by H(α) (resp. degα), is
defined to be the height of P (X) (resp. the degree of P (X)).
Let n ≥ 1 be an integer and ξ be in Fq((T
−1)). We denote by wn(ξ) (resp. w
∗
n(ξ)) the
supremum of the real numbers w (resp. w∗) which satisfy
0 < |P (ξ)| ≤ H(P )−w (resp. 0 < |ξ − α| ≤ H(α)−w
∗−1)
for infinitely many P (X) ∈ (Fq[T ])[X ] of degree at most n (resp. α ∈ Fq(T ) of degree at
most n). We put
w(ξ) := lim sup
n→∞
wn(ξ)
n
, w∗(ξ) := lim sup
n→∞
w∗n(ξ)
n
.
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We say that a Laurent series ξ ∈ Fq((T
−1)) is an
A-number if w(ξ) = 0;
S-number if 0 < w(ξ) < +∞;
T -number if w(ξ) = +∞ and wn(ξ) < +∞ for all integers n ≥ 1;
U -number if w(ξ) = +∞ and wn(ξ) = +∞ for some integer n ≥ 1.
This classification is called Mahler’s classification. Replacing wn and w with w
∗
n and w
∗,
we define A∗, S∗, T ∗, and U∗-numbers as the above. This classification was first introduced
by Bugeaud [4, Section 9] and is called Koksma’s classification. ξ is an A-number if and
only if it is an A∗-number (see Proposition A.3). The following two statements are in [16,
p.145]. If ξ is an S-number, then it is an S∗-number. ξ is a U -number if and only if it is
a U∗-number. Therefore, we deduce that if ξ is a T ∗-number, then it is a T -number.
Let ξ ∈ Fq((T
−1)) be a T -number. The type of ξ, denoted by t(ξ), is defined to be
t(ξ) = lim sup
n→∞
logwn(ξ)
log n
.
Note that we see t(ξ) ∈ [1,+∞] by Lemma A.1. Replacing wn with w
∗
n, for T
∗-number
ξ ∈ Fq((T
−1)), we define the ∗-type of ξ, denoted by t∗(ξ) as the above. Note that we
also see t∗(ξ) ∈ [1,+∞] by Lemma A.1.
Let r be a power of p. We put α :=
∑∞
n=1 T
−rn. Mahler [14] showed that α is the
algebraic Laurent series of degree r, and satisfies w1(α) = r − 1 and
(1) αr = α− T−r.
Note that, in the case of r > 2, the algebraic Laurent series α is the first counterexample
of the Roth’s theorem in Fq((T
−1)), that is, α does not satisfy w1(α) = 1.
Let m = (mj)j≥0 be an integer sequence with m0 = 1, mj ≥ 2 for all integers j ≥ 1.
For an integer j ≥ 0, we put rj := r
m0m1···mj and αj(r,m) :=
∑∞
n=1 T
−rnj . We define a
Laurent series ξ(r,m) by
ξ(r,m) =
∞∑
j=0
αj(r,m).
Note that since limj→∞ |αj(r,m)| = 0, the Laurent series ξ(r,m) converges.
Example. Let p = r = 2 and mj = 2 for all j ≥ 1. We write ξ(r,m) =
∑∞
n=0 anT
−n.
Then we have
an =
{
1 if n = 24
kℓ for some integer k ≥ 0 and odd integer ℓ ≥ 1,
0 otherwise.
Our main result of this paper is the following theorem.
Theorem 2.1. For any r ans m defined as above, the Laurent series ξ(r,m) are T -
numbers and T ∗-numbers.
We estimate type and ∗-type of the Laurent series ξ(r,m).
Theorem 2.2. For any r ans m defined as above, the Laurent series ξ(r,m) satisfies
lim sup
j→∞
(2mj − 1) ≤ t
∗(ξ(r,m)) ≤ lim sup
j→∞
(mj + 2mjmj+1 · · ·mj+p),(2)
lim sup
j→∞
(2mj − 1) ≤ t(ξ(r,m)) ≤ lim sup
j→∞
(2mj + 2mjmj+1 · · ·mj+p).(3)
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Furthermore, if mj ≥ 3 for all sufficiently large j ≥ 1, then we have
t∗(ξ(r,m)) ≤ lim sup
j→∞
(mj + 2mjmj+1),(4)
t(ξ(r,m)) ≤ lim sup
j→∞
(2mj + 2mjmj+1).(5)
In the last part of this section, we mention a problem concerning Theorem 2.2.
Problem 2.3. For any t ∈ [1,∞], does there exist a T -number ξ (resp. T ∗-number η)
such that t(ξ) = t (resp. t∗(η) = t)?
If lim supj→∞mj = ∞, then we have t(ξ(r,m)) = t
∗(ξ(r,m)) = ∞ by Theorem 2.2.
Therefore, Theorem 2.2 gives a partial answer to Problem 2.3 in the case of t = ∞.
3. Preliminaries
Lemma 3.1. Let n ≥ 1 be an integer and ξ be in Fq((T
−1)). Let k ≥ 0 be an integer with
pk ≤ n < pk+1. Then we have
wn(ξ)
pk
− n+
2
pk
− 1 ≤ w∗n(ξ) ≤ wn(ξ).
Proof. See Proposition 5.6 in [16]. ✷
The following lemma is easy consequence of Lemma 3.1.
Lemma 3.2. For a T -number and T ∗-number ξ ∈ Fq((T
−1)), we have t∗(ξ) ≤ t(ξ).
The following lemma is well-known and immediately seen.
Lemma 3.3. For P (X), Q(X) ∈ (Fq[T ])[X ], we have H(PQ) = H(P )H(Q).
We recall a Liouville inequality which is Korollar 3 in [15] or Proposition 3.4 in [16].
Lemma 3.4. Let α, β ∈ Fq(T ) be distinct algebraic numbers of degree m and n, respec-
tively. Then we have
|α− β| ≥ H(α)−nH(β)−m.
As an application of the Liouville inequality, we show the following lemma. Lemma
3.5 means that if ξ ∈ Fq((T
−1)) has a dense (in a suitable sense) sequence of very good
algebraic approximations of degree at most d, then we can estimate the upper bound of
w∗d(ξ). Some results which are relate to the lemma are known (see e.g. [1, 2, 5, 8, 16, 17]).
Lemma 3.5. Let ξ be in Fq((T
−1)), d ≥ 1 be an integer, and θ, ρ, δ be positive numbers.
Assume that there exists a sequence of distinct terms (αj)j≥1, and an increasing and
divergent sequence of real numbers (βj)j≥1 with αj ∈ Fq(T ) of degree at most d and βj ≥ 1
for all integers j ≥ 1, such that
d+ δ ≤ lim inf
j→∞
− log |ξ − αj|
log βj
, lim sup
j→∞
− log |ξ − αj |
log βj
≤ d+ ρ,
lim sup
j→∞
log βj+1
log βj
≤ θ, lim sup
j→∞
logH(αj)
log βj
≤ 1.
Then we have
d+ δ − 1 ≤ w∗d(ξ) ≤ (d+ ρ)
dθ
δ
− 1.
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Proof. Let ε be a positive number with ε(1 + d) < δ. Then, by the assumption, there
exists an integer c0 ≥ 1 such that
β−d−ρ−εj ≤ |ξ − αj| ≤ β
−d−δ+ε
j , βj ≤ βj+1 ≤ β
θ+ε
j , H(αj) ≤ β
1+ε
j
for all integers j ≥ c0. Since ε is arbitrary small, we obtain d+ δ − 1 ≤ w
∗
d(ξ).
Let α ∈ Fq(T ) be an algebraic number of degree at most d with sufficiently large height.
We define an integer j0 ≥ c0 by
βj0 ≤ H(α)
d(θ+ε)
δ−ε(1+d) < βj0+1.
We first consider the case of α 6= αj0. Since
H(α)d < β
δ−ε(1+d)
θ+ε
j0+1
≤ β
δ−ε(1+d)
j0
,
we get
|α− αj0| ≥ H(α)
−dH(αj0)
−d > β−d−δ+εj0 ≥ |ξ − αj0|
by Lemma 3.4. Therefore, we obtain
|ξ − α| = |α− αj0 | ≥ H(α)
−dH(αj0)
−d
≥ H(α)−dβ
−d(1+ε)
j0
≥ H(α)
−d−
d2(θ+ε)(1+ε)
δ−ε(1+d) .
We next consider the case of α = αj0. By the assumption, we have
|ξ − α| ≥ β−d−ρ−εj0 ≥ H(α)
−(d+ρ+ε)
d(θ+ε)
δ−ε(1+d) .
Since ε is arbitrary small, we deduce that
w∗d(ξ) ≤ max
(
d+
d2θ
δ
− 1, (d+ ρ)
dθ
δ
− 1
)
= (d+ ρ)
dθ
δ
− 1.
✷
4. Proof of Main Results
Proof of Theorem 2.1. For simplicity of notation, we put ξ := ξ(r,m) and αj := αj(r,m).
For an integer j ≥ 0, we define sequences (a(j, n))n≥1 and (b(j, n))n≥1 in Fq by
j∑
n=0
αn =
∞∑
n=1
a(j, n)T−r
n
,
∞∑
n=j+1
αn =
∞∑
n=1
b(j, n)T−r
n
j+1 .
For integers j ≥ i ≥ 0, we put M(i, j) := mimi+1 · · ·mj. For convenience, we put
M(i, j) := 1 for integers i > j ≥ 0. Then it is easy to check that
(6) b(j, n) = ℓ mod p,
where ℓ ≥ 1 is an integer with M(j +2, j+ ℓ) | n and M(j +2, j+ ℓ+1) ∤ n. For integers
j ≥ 0 and k ≥ 1, we define algebraic Laurent series α(j, k) by
α(j, k) =
j∑
n=0
αn +
k∑
n=1
b(j, n)T−r
n
j+1 .
In what follows, we estimate upper bounds of degree and height of α(j, k). We observe
that
(7) α(j, k)rj =
j∑
n=0
αrjn +
k∑
n=1
b(j, n)T−r
n
j+1rj .
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By the equation (1), for an integer 0 ≤ n ≤ j, we have
αrjn = (αn − T
−rn)r
M(n+1,j)−1
n = αr
M(n+1,j)−1
n
n − T
−r
M(n+1,j)
n
= · · · = αn −
M(n+1,j)∑
i=1
T−r
i
n.
By the definition of the sequence (a(j, n))n≥1, we obtain
j∑
n=0
αrjn =
j∑
n=0
αn −
M(1,j)∑
n=1
a(j, n)T−r
n
.
Therefore, by (7), α(j, k) is a root of the polynomial
Xrj −X +
M(1,j)∑
n=1
a(j, n)T−r
n
+
k∑
n=1
b(j, n)T−r
n
j+1 −
k∑
n=1
b(j, n)T−r
n
j+1rj .
Hence, it follows from Lemma 3.3 that deg α(j, k) ≤ rj and H(α(j, k)) ≤ q
rkj+1rj .
For an integer j ≥ 0, we denote by Kj the set of all integers k ≥ 1 with M(j+2, j+p) |
(k + 1) and M(j + 2, j + p + 1) ∤ (k + 1). Note that Kj is the infinite set. We put
Kj =: {k1 < k2 < . . .}. We observe that for all integers i ≥ 1,
(8) ki+1 − ki ≤ 2M(j + 2, j + p).
We show that for all integers i ≥ 1,
(9) |ξ − α(j, ki)| = q
−r
ki+2
j+1 .
We observe that
|ξ − α(j, ki)| =
∣∣∣∣∣
∞∑
n=ki+1
b(j, n)T−r
n
j+1
∣∣∣∣∣ .
By (6), we have b(j, ki + 1) = 0. Then we deduce that M(j + 2, j + 2) | (ki + 1), which
implies M(j+2, j+2) ∤ (ki+2). Therefore, we get b(j, ki+2) = 1. Hence, we obtain (9).
For integers j ≥ 0 and k ≥ 1, we put β(j, k) := qr
k
j+1rj . Then, by (8) and (9), we have
− log |ξ − α(j, ki)|
log β(j, ki)
=
r2j+1
rj
,
log β(j, ki+1)
log β(j, ki)
≤ r2j+p
for all integers i ≥ 1. It is trivial that r2j+1/rj > rj for all integers j ≥ 0. Applying Lemma
3.5 with d = rj, δ = ρ = r
2
j+1/rj − rj , and θ = r
2
j+p, we obtain
(10)
r2j+1
rj
− 1 ≤ w∗rj(ξ) ≤
rjr
2
j+1r
2
j+p
r2j+1 − r
2
j
− 1
for all integers j ≥ 0. Hence, it follows that w∗n(ξ) < +∞ for all integers n ≥ 1. We also
have
w∗(ξ) ≥ lim sup
j→∞
w∗rj (ξ)
rj
≥ lim sup
j→∞
(
r2j+1
r2j
−
1
rj
)
= +∞.
Thus, the Laurent series ξ is T ∗-number. Therefore, by Section 2, we deduce that ξ is
T -number. ✷
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Proof of Theorem 2.2. Assume the notation of the proof of Theorem 2.1. By (10) and
Lemma 3.2, we obtain
t(ξ) ≥ t∗(ξ) ≥ lim sup
j→∞
logw∗rj(ξ)
log rj
≥ lim sup
j→∞
(2mj − 1).
Since r2j+1/(r
2
j+1 − r
2
j ) ≤ 2, we deduce that for all integers j ≥ 1 and rj−1 + 1 ≤ n ≤ rj ,
logw∗n(ξ)
logn
≤
logw∗rj(ξ)
log rj−1
≤ mj + 2mjmj+1 · · ·mj+p +
log 2
log rj−1
.
Therefore, we get (2).
By (10) and Lemma 3.1, we obtain
wrj(ξ) ≤
(rjrj+1rj+p)
2
r2j+1 − r
2
j
+ r2j − 2 ≤ 3r
2
j r
2
j+p
for all integers j ≥ 0. Therefore, it follows that, for all integers j ≥ 1 and rj−1+1 ≤ n ≤ rj,
logwn(ξ)
logn
≤ 2mj + 2mjmj+1 · · ·mj+p +
log 3
log rj−1
,
which implies (3).
Assume that mj ≥ 3 for all sufficiently large j ≥ 1. In the same way to the proof of
(9), it follows that for all integers j ≥ 0 and k ≥ 1,
q−r
k+2
j+1 ≤ |ξ − α(j, k)| ≤ q−r
k+1
j+1 .
Therefore, we have
rj+1
rj
≤
− log |ξ − α(j, k)|
log β(j, k)
≤
r2j+1
rj
,
log β(j, k + 1)
log β(j, k)
= rj+1
for all j ≥ 0 and k ≥ 1. By the assumption, we obtain rj+1/rj > rj for all sufficiently
large j ≥ 1. Applying Lemma 3.5, we have
(11) w∗rj(ξ) ≤
rjr
3
j+1
rj+1 − r2j
− 1
for all sufficiently large j ≥ 1. In the same way to the proof of (2) and (3), we derive (4)
and (5). ✷
Proof of Theorem 1.1. Let r be a power of p and m = (mj)j≥0 be an integer sequence
with m0 = 1, mj ≥ 2 for all integers j ≥ 1. Let a = (aj)j≥0 be an integer sequence with
aj ∈ {0, 1} for all integers j ≥ 0. Assume that aj = 1 for infinitely many j ≥ 0. We put
ξa(r,m) :=
∞∑
j=0
ajαj(r,m).
Then there exist r′ and m′ = (m′j)j≥0 such that r
′ is a power of p, m′ = (m′j)j≥0 is an
integer sequence with m′0 = 1, m
′
j ≥ 2 for all integers j ≥ 1, and ξa(r,m) = ξ(r
′,m′).
Therefore, the Laurent series ξa(r,m) is T -number. Let a
′ = (a′j)j≥0 be an integer se-
quence with a 6= a′, a′j ∈ {0, 1} for all integers j ≥ 0, and a
′
i = 1 for infinitely many i. We
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define j0 ≥ 0 by aj = a
′
j for all 0 ≤ j < j0 and aj0 6= a
′
j0
. Then we have
|ξa(r,m)− ξa′(r,m)| =
∣∣∣∣∣(aj0 − a′j0)αj0(r,m) +
∞∑
j=j0+1
(aj − a
′
j)αj(r,m)
∣∣∣∣∣
= |αj0(r,m)| = q
−rj0 6= 0,
which implies ξa(r,m) 6= ξa′(r,m). Since there are uncountably many choices of such
sequences a, the proof is complete. ✷
Appendix A. Basic properties of Mahler’s classification
Lemma A.1. Let n ≥ 1 be an integer and ξ ∈ Fq((T
−1)) be not algebraic of degree at
most n. Then we have wn(ξ) ≥ n and w
∗
n(ξ) ≥ (n+ 1)/2.
Proof. The former estimate follows from an analogue of Minkowski’s theorem for Laurent
series over a finite field [13] and the later estimates are Satz.1 of [9]. ✷
The following lemma is Theorem 5.2 in [16].
Lemma A.2. Let n ≥ 1 be an integer and ξ ∈ Fq((T
−1)) be algebraic of degree d. Then
we have wn(ξ), w
∗
n(ξ) ≤ d− 1.
From Lemmas A.1 and A.2, we see the following proposition.
Proposition A.3. Let ξ be in Fq((T
−1)). Then the following conditions are equivalent:
(i) ξ is an A-number,
(ii) ξ is an A∗-number,
(iii) ξ is an algebraic Laurent series.
Let ξ be in Fq((T
−1)) and n,H ≥ 1 be integers. We put
wn(ξ,H) := min{|P (ξ)| | P (X) ∈ (Fq[T ])[X ], H(P ) ≤ H, degX P ≤ n, P (ξ) 6= 0}.
It is easy to check that
wn(ξ) = lim sup
H→∞
− logwn(ξ,H)
logH
.
Proposition A.4. Let ξ, η ∈ Fq((T
−1)) be transcendental Laurent series. If ξ and η are
algebraically dependent over Fq(T ), then ξ and η are in the same Mahler’s class.
Proof. For an integer H ≥ 1, we take a polynomial P (X) ∈ (Fq[T ])[X ] with H(P ) ≤
H, degX P ≤ n, and |P (ξ)| = wn(ξ,H). There exists F (X, Y ) ∈ (Fq[T ])[X, Y ] which is an
irreducible primitive polynomial in X and Y such that F (ξ, η) = 0. We write
F (X, Y ) =
M∑
i=0
N∑
j=0
aijX
iY j =
M∑
i=0
Bi(Y )X
i,
where aij ∈ Fq[T ], Bi(Y ) ∈ (Fq[T ])[Y ], and BM(Y ) 6= 0. Since there exists y ∈ Fq(T )
such that P (X) and F (X, y) have no common root, it follows that the resultant R(Y ) =
ResX(P (X), F (X, Y )) is non-zero polynomial in (Fq[T ])[Y ]. Then we obtain degY R(Y ) ≤
nN and there exists an integer c1 ≥ 1 such that H(R) ≤ c1H
M . By the basic prop-
erty of resultants (see e.g. [10, p.199–200]), there exist polynomials g(X, Y ), h(X, Y ) ∈
(Fq[T ])[X, Y ] and an integer c2 ≥ 1 such that R(Y ) = P (X)g(X, Y ) + F (X, Y )h(X, Y )
and all of the absolute values of the coefficients of g(X, Y ) are less than or equal to
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c2H
M−1. Then we have R(η) = P (ξ)g(ξ, η) and |g(ξ, η)| ≤ c3H
M−1 for some integer
c3 ≥ 1. Therefore, we obtain wn(ξ) ≤M − 1 +MwnN (η) and w(ξ) ≤MNw(η).
We change a role of ξ and η, which implies wn(η) ≤ N − 1 + NwnM(ξ) and w(η) ≤
MNw(ξ). This completes the proof. ✷
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